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ABSTRACT 
A manageable model to deal with general single-stage statistical decision problems 
with fuzzy-valued consequences is presented. The model is based on the notion of fuzzy 
random variable, as defined by Puri and Ralescu, and also on a crisp ranking method 
for fuzzy numbers introduced by Campos and Gonz{dez. Fundamentals of the fuzzy 
utility function representing the preference pattern of the decision maker are established 
to guarantee the existence of this function by means of an axiomatic development. 
Bayesian analyses of these statistical decision problems in normal and extensive forms 
are formalized, and conditions for the equivalence of these analyses are given. Finally, 
an example illustrating the Bayesian analysis is considered. © 1996 Elsevier Science 
Inc. 
1. INTRODUCTION 
Decision theory has been developed to give a formal treatment o 
problems involving relevant (medical, investment, political, job, etc.) deci- 
sions. Minor decisions are usually made intuitively, and relevant ones 
could also be made intuitively, but inconsistencies could arise in the latter 
case, so that a rational framework for modeling decision problems and 
constructing decision-making procedures becomes necessary. 
In a single-stage decision problem, a person or committee (decision 
maker) must take an action chosen from a set of possible ones (action 
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space). A consequence of a decision is assumed to be the interaction of the 
action selected by the decision maker and the state of the world which 
actually occurs. The state is commonly intended as a factor or variable 
related to the decision, which is unknown and uncontrollable for the 
decision maker. The set Of possible states is referred to as state space. 
Action and state spaces are two basic elements of a single-stage decision 
problem. Nevertheless, ince the purpose of decision problems is to make 
the "best" decision, a third element has to be added: the consequences of
decisions. For this reason, a quantification of these consequences i
required to make later mathematically the "best" decision. 
The "value" the decision maker assigns to the consequence of taking 
each action when a state is supposed to occur is called the associated 
utility. Utility theory deals with the measurement of the "relative values" 
to a decision maker of the consequences in the problem. 
To proceed to a formal development of utility, we will assume that a 
consequence of a decision is expressed in terms of a reward from a set ~'  
of possible rewards, the decision maker can establish preferences among 
rewards in ~', and utilities are representations of the decision maker's 
preferences. 
When a Bayesian context is considered, so that the prior information on 
the true state can be expressed probabilistically, each action can be 
identified with a probability distribution (called a lottery) on .~q'. Conse- 
quently, selecting an action from the action space will be equivalent o 
choosing a probability distribution on ~', and hence preferences (and 
"values") should be extended to compare elements in the set of possible 
probability distributions on ~a~,, which will be denoted by ~.  
The rankings of "values" and preferences must agree, in the sense that 
any lottery will be considered to be not preferred to another if the "value" 
of the first one is lower than or equal to the "value" of the second one. 
The preceding targets can be reached whenever a measurable real- 
valued function on ~a~ may be defined, and the "value" associated with 
each lottery in ~ is the expected value of this function with respect o the 
distribution characterizing the lottery. Such a function will be referred to 
as a utility function for the decision problem. 
Although it is by no means clear that a utility function associated with a 
decision problem must exist, the axiomatic development of utility guaran- 
tees that under some rational conditions (axioms) regarding the decision 
maker's preferences, a utility function does exist and, except for increasing 
linear transformations, such a function is unique and often bounded (see 
Herstein and Milnor [16], von Neumann and Morgenstern [34], DeGroot 
[7], Fishburn [12], Berger [2], Bernardo and Smith [3]). 
In this paper we are not interested in discussing the suitability and 
acceptance of the rational conditions. The aim of this paper is to weaken 
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the previous assumptions for the utility function, and to accomplish a 
rigorous study of utility with the new assumptions. 
Why are we interested in weakening traditional assumptions for a utility 
function? In traditional utility theory the decision maker is compelled to 
evaluate the utilities of all possible rewards (that is, to represent his 
preferences between each pair of rewards), which are usually very diverse 
in nature, in accordance with a numerical scale. However, an enlargement 
of the scale of utility measurement would increase the freedom in the 
assessment of utilities. In fact, Berger [2] pointed out that in many 
problems the utility (or alternatively the loss) evaluation is quite imprecise 
and even nonunique. 
In this way and for purposes of the weakening mentioned above, we will 
first enlarge the scale of real numbers ~ to the scale Jccc(~) of the normal 
convex fuzzy sets of R whose a-cut sets and the closed convex hulls of their 
support are compact, which allows for nonnumerical values like RISKY, 
CONVENIENT, UNAPPROPRIATE, MODERATELY EXPENSIVE, and so on. 
Some studies for decision problems involving finite action and state 
spaces and fuzzy utilities (and, occasionally, fuzzy probabilities) are due to 
Jain [19], Watson et al. [35], Freeling [13], Tong and Bonissone [32], Dubois 
and Prade [9], Whalen [36], Nakamura [26], Gil and Jain [14], and Lamata 
[23]). 
To properly formalize the extension of the assumptions for real-valued 
utility functions to fuzzy-valued ones, and to any set of rewards (that is, 
whatever the action and state spaces may be), three basic concepts are 
going to be presented in the next section: measurability and expectation of 
fuzzy-valued functions, and an adequate ranking of fuzzy numbers. 
2. PRELIMINARY CONCEPTS 
The first concept we now recall formalizes measurable fuzzy-valued 
functions and generalizes both random variables and random sets: fuzzy 
random variables. 
Fuzzy random variables were first introduced in the literature by Kwak- 
ernaak [21, 22], and slightly modified by Kruse and Meyer [20], as a model 
to describe fuzzy reports of existing numerical variable values. More 
precisely, a fuzzy random variable was first interpreted as a fuzzy percep- 
tion of an underlying classical random variable. 
Fuzzy random variables were later presented by Puri and Ralescu [27, 
28] (see also Ralescu [29]) as a model to represent an existing imprecise 
quantification process, which fits much better the situation we want to 
formalize. A fuzzy random variable is intended by these authors as a 
"measurable" fuzzy-valued function derived from the sample space tl of a 
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probability space (~,,a¢, P). Stojakovi6 [30, 31] has added a bounding 
condition and has assumed that the values of the variables are commonly 
convex, which are convenient assumptions for the purposes of this paper. 
Puri and Ralescu's definition, along with Stojakovi6's conditions, can be 
presented as follows: 
Let (fl,~¢, P) be a probability space which models a random experi- 
ment, and let ~cc(~ k) denote the class of nonempty compact convex 
subsets of I~ ~. Let ~c(l~ ~) be the class of fuzzy subsets of I~ k, A : ~k __, 
[0, 1], such that: (1) A is upper semicontinuous (i.e., the a-cuts A~ = {x 
R k : A(x)  > a} are closed for all a ~ (0, 1]); (2) A is normal (i.e., A 1 ¢ Q); 
(3) A is convex (i.e., A,~ is convex for all a E (0, 1]); and (4) the closed 
convex hull of supp A, cl[co{x ~ ~k : A(x)  > 0}] = cl(supp A), is compact. 
Then, 
DEFINITION 2.1 A fuzzy random variable associated with the measurable 
space (l l ,~¢) is a function 2~: 12 ~c(Ek)  such that the set-valued 
functions 
2~ : 12 ~c(~k) ,  w ~ ~(o J )  = (2~(w))~, a ~(0, 1], 
and 
~0:12 ~'Zrc~(~k), w ~ ~o(tO) = cl [co(supp~(w))] ,  
for all w ~ l'l, are ~¢-measurable s t-valued functions, that is, their graphs, 
which are defined for all a ~ [0, 1] by 
G(~)  = {(w,x)  ~ f~ × R~:x  ~( to )} ,  
belong to ~¢ ® ~q~Rk (which is the a-field generated by the Cartesian product 
d × ~qCR~, q~, being the Borel g-field on ~k). 
The measurability of set-valued functions has been understood in the 
preceding definition in the weakest sense. It should be emphasized that if a 
complete probability space (12, ~¢, P)  and a separable metric space (~k, d) 
are considered, this measurability condition is equivalent o other stronger 
ones (see Himmelberg [18], Hiai and Umegaki [17]). 
To state the notion of expectation of fuzzy random variables and 
guarantee the adequacy of the definition, an integrability condition has to 
be incorporated. Thus (see Puri and Ralescu [28], Stojakovi6 [31]), 
DEFINITION 2.2 A fuzzy random variable g~ associated with the probabil- 
ity space (1~,~, P) is said to be integrably bounded if the set-valued 
function ~o is integrably bounded, that is, there exists a function h : 12 ---> R, 
h being integrable with respect o P (i.e., h ~ LI(P)), such that Ixl _< h(~o) 
for all ( w, x) ~ G(~o). 
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The concept of fuzzy expected value of a fuzzy random variable was first 
introduced by Puri and Ralescu [28] for nonatomic probability spaces, but 
it can be easily extended to general probability spaces when integrable 
boundedness is intended as in Definition 2.2 (see, for instance, L6pez-Diaz 
[24]). Thus, 
DEFINITION 2.3 Given an integrably bounded fuzzy random variable 
associated with the probability space (1~, ~¢, P), the fuzzy expected value 
of f  with respect to P is the unique fuzzy set of ~k, Ep(f), such that for 
each a ~ (0, 1] 
(Ep(f ) )~ = (Aumann's integral of ~ in f~ w.r.t. P = fan  dP) 
= {fnf(to) dP(w) : f :~  ~ Rk, f~L I (p ) ,  
f (  to) ~S,~( to) a.s. [P]}. 
The value of Ep( f )  can be proven to belong to 9-~c(~k). 
Zhong and Zhou [41] have proven that in the case in which variable 
values are assumed to be normal fuzzy sets of I~ and to have compact 
convex o~-cuts, Puri and Ralescu's definition (which becomes Definition 2.1 
without the measurability condition for Y0) and that of Kwakernaak with 
Kruse and Meyer's are equivalent, if measurability of the set-valued 
functions f~ is understood in one of the stronger senses [and hence, in 
particular, if (f~, ~, P) is a complete probability space]. 
To conclude this section we now recall the ranking of fuzzy numbers we 
will consider hereafter. All ranking methods can be classified into two 
groups (see, for instance, Bortolan and Degani [4], Delgado et al. [8], Yuan 
[39]), namely, the group of methods based on crisp relations and the group 
of methods based on fuzzy relations. 
In a procedure to rank fuzzy numbers on the basis of crisp relations, a 
real-valued ranking function (often a defuzzification function) defined on 
the class of fuzzy numbers is considered so as to later establish a complete 
preordering on the set of fuzzy numbers by means of the classical compari- 
son of their real images through the ranking function. In a procedure to 
rank fuzzy numbers by using fuzzy relations, preference relations are 
assumed to be represented in fuzzy terms (that is, by means of fuzzy sets), 
so that it is possible to indicate the "degree of preference." 
This second group of methods is quite suitable in situations dealing with 
subjective judgments (like those in social sciences). Nevertheless, in deci- 
sion situations these methods do not allow the decision maker to state a 
complete preordering on the set of fuzzy numbers. 
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In most decision problems the interest is focused not only on choosing 
among actions, but also on computing the "value" of the problems. To this 
purpose, a manageable way to deal with these problems (and especially 
those requiring categorical choices among actions, like most of the ones 
involved in medical or economical decisions) is obtained by combining a 
ranking method based on a crisp relation with a fuzzy-valued measure of 
the "value" of the problem. The fuzzy-valued measure we have just 
referred to will be presented in Section 5. 
A ranking method for fuzzy numbers of the first type which has been 
proven to fit appropriately the model we are establishing, and to have 
many desirable and valuable properties, has been introduced by Campos 
and Gonzfilez [6]. The particularization of this method to elements in 
~c(~)  is the following: 
DEFINITION 2.4 If A, B ~ O~ccc(E), then A is said to be greater than or 
equal to B in accordance with the A-average ranking method, and we 
write A > A B, if and only if 
V~(A) > V~(B), 
where the ranking function V~ is given for each A ~ ~c(R), with A~ = 
[a~, I a~2] for each a ~ (0, 1], by the A-average value of A, i.e., 
V~(A) = fol[Aac,2 + (1 - A)a,,1]dS(a), 
where A ~ [0, 1], and S is an additive measure on [0, 1]. 
The parameter A is a subjective degree of optimism-pessimism. In a 
utility (a loss) context, A = 1 (A = 0) reflects the highest optimism (that is, 
for each a E (0, 1], A~ is considered to be represented by its upper 
extreme, a,,2), and A = 0 (A = 1) reflects the highest pessimism (that is, 
for each a ~ (0, 1], A~ is considered to be represented by its lower 
extreme, a~l). 
Since in a decision made in a Bayesian context there is often an 
underlying subjectivity, it looks quite coherent o use a ranking method 
also involving subjectivity. 
The additive measure S determines the weight associated with different 
a-cuts. In particular, the use of the Lebesgue measure L on [0, 1] will 
mean all a-cuts are supposed to have the same weight or importance. 
For elements in ~ccc(~), the ranking function V~ has an interesting 
interpretation (see Gonz~lez [15]) in terms of the mean value of a fuzzy 
number A (see Dubois and Prade [10]), E(A)  = [E, (A) ,  E*(A)] [E , (A )  
and E*(A) being the lower and upper expectations of A, respectively]. 
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Thus, for any A ~ ~c(R), we have that 
V~(A) = AE*(A) + (1 - A)E,(A).  
On the other hand, if supp A c [0, +oo), then V~(A) graphically repre- 
sents the area of the shaded region in Figure 1 (cf. Campos and Gonzfilez 
[6]). 
The last assumption for the graphical interpretation of V~(A), supp A 
c [0, + oo), does not mean a real constraint, since A >a B if and only if 
A • - min{inf supp A, inf supp B} >a B • - min{inf supp A, inf supp B} 
(~ being the usual fuzzy sum based on Zadeh's extension principle [40]), 
and supp(A • -  min{infsupp A, infsupp B}) and supp(B • -  
min{inf supp A, inf supp B}) are both subsets of [0, + oo). 
The h-average value V~ satisfies many useful properties in connection 
with some of the usual fuzzy operations (in particular, with the fuzzy sum 
of fuzzy numbers and the fuzzy product of real and fuzzy numbers, which 
are the operations frequently involved in decision problems). Some of 
these properties will be generalized in Section 4 to obtain a worthy 
expression for the h-average value of the fuzzy expected value of an 
integrably bounded fuzzy random variable. 
On the other hand, it should be pointed out that the h-average value 
extends ome well-known ranking functions (see Gonz~lez [15]), such as 
those introduced by Adamo [1], Tsumura et al. [33], and Yager [38]. 
In the next sections, and to warrant he completeness of the ranking 
method, the value of the parameter h and the additive measure S will be 
assumed to be previously specified. In particular, we will consider S = L. 
,4(x) 
iiii 
Figure 1. The area of the shaded region is the graphical representation f VLa(A) 
whenever supp A c [0, + oo). 
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3. THE DEFINITION OF A FUZZY UTILITY FUNCTION 
If ~ is the set of possible rewards and ~ is the set of the associated 
lotteries, then a real-valued function u defined on ~ is said to be a utility 
function if 
• u is a (classical) random variable associated with the measurable 
space (~q', ~)  (~ being an appropriate o--field on ~q'), and 
• for any two probability distributions P1 ~ ~ and Pz ~ 9 such that the 
expected values of u with respect o P1 and P2, Eel(u) and Eel(u), are 
finite, P2 is considered to be not preferred to P1 (denoted by 
P1 ~* P2) if and only if Ep~(U) > Eel(u). 
This definition (see, for instance, DeGroot [7], Berger [2]) corresponds 
to the expected-utility approach, which is the usual one in traditional utility 
theory. On the basis of this definition one can easily conclude that 
whatever l, r 2 E,Q~ may be, r 1 ~ *r  2 if and only if u(r 1) > u( r2)  , and 2" 
determines a complete preordering on the set of distributions P ~ ~ such 
that Ee(u) ~ ~. 
To weaken the definition of utility function in the sense indicated in the 
Introduction of this paper, and guarantee the preservation of the conclu- 
sions above, we can apply the notions in Section 2 to obtain 
DEFINITION 3.1 A function ~" : ~ -* 5~c(R) is said to be a fuzzy utility 
function if 
• ~' is a fuzzy random variable associated with the measurable space 
(~', ~), and 
• for any two probability distributions P1 ~ ~ and P2 ~ ~ such that 
~" is an integrably bounded fuzzy random variable associated with 
the probability spaces (~', ~', Pl) and (~', ~', P2), P2 is considered 
to be not preferred to P1 (P1 ~* P2), if and only if Eel(~')>~ 
An important question to examine now is that of the existence of a fuzzy 
utility function. Before studying conditions to ensure existence, we are 
going to show that in case a fuzzy utility function does exist, increasing 
linear transformations of this function (in terms of the usual fuzzy opera- 
tions • and Q, the latter one representing the fuzzy product of real and 
fuzzy numbers based on Zadeh's extension principle [40]) will lead to fuzzy 
utility functions. Thus, 
PROPOSITION 3.1 Let ~/ be a fuzzy utility function on the set of possible 
rewards ~.  If 7/ : ~? -~ ~c(R)  is a function defined so that 
7/(r)  = [aGe'(r)]  ~ b forall r ~q? 
(with a and b real numbers, a > 0), then ~/" is also a fuzzy utility function. 
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REMARK 3.1 A conclusion that can be derived from Proposition 3.1 is that 
the assumption that the supports of values of a fuzzy utility function are 
contained in a certain bounded interval does not mean a real constraint. 
To apply the concept of fuzzy utility function for practical purposes, we 
now consider a single-stage decision problem in a Bayesian context (without 
sample observations), with state space O, action space d ,  and prior 
distribution rr on a measurable space (0,  g~). Let 0 :0  x~¢ ~ ~ be the 
mapping associating with each (O,a)~ 0 ×z¢ the reward that will be 
received if the decision maker chooses a and 0 is the true state. We can 
then define ~'(O,a) = ~¢'(0(0, a)) for all (O,a) ~ 19 ×z¢. 
If ~ = 0(19 × J ) ,  and for each a ~ z¢ the projection Oa : 19 ~ ~ [with 
Oa(O) = 0(0, a) for all 0 ~ 19] is an 8~-measurable function, then we can 
define the probability distribution induced by Oa as follows: 
"B'a(c) = "IT( O f  1 (C))  for all C ~ ~.  
Therefore, the projection function ~a :O ---> ~c(~)  [with ~'a(0) = ~'(0, a) 
for all 0 ~ ®] will be an integrably bounded fuzzy random variable 
associated with (®, g', 7r) for any action a ~:a¢ such that ~" is an inte- 
grably bounded fuzzy random variable associated with (~', ~', 7ra). Further- 
more, E~o(~) = E~(ff,), and for any two actions a 1 ~:a¢ and a 2 ~¢ such 
that ~" is an integrably bounded fuzzy random variable associated with the 
probability spaces (~/~, ~, ~r ~,) and (~', ~,  ~.a2), a2 is considered to be not 
preferred to a I (a 1 ~* a 2) if and only if E~r(~g'al) >-x ETr(~/a2 )" 
As an example of a decision problem with fuzzy-valued utilities we can 
consider the following one: 
EXAMPLE 3.1 Pieces are produced in a factory in lots of size 1000 by a 
machine which behaves as a Bernoulli process, with unknown defective 
fraction 0. After a lot is produced, it can either be accepted (action al), 
which means that the whole lot is sent to the assembly department without 
revision, or it can be 100% screened (action a 2) before sending it, and 
then defective pieces are removed and replaced by good ones drawn from 
an inspected stock. The cost of screening amounts of $2500. The cost of 
replacing a defective piece by a good one after screening is $55 per piece, 
whereas it is $100 per piece if defectiveness i  detected in the assembly 
department. 
To evaluate the utilities of different actions, the factor owner can 
assume that the utility of money is linear. However, when action a 1 is 
taken, it should not be ignored that to accept a lot containing a high 
fraction defective ntails a loss of reputation for the factory. The utility in 
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this situation is clearly imprecise, and we may now assume that it can be 
properly quantified in terms of values like 
~'(0 ,  a 1) = --  100 ,0000 • (AQ)O), 
~'(0, a z) = -55,0000 - 2500, 
where A is the triangular and symmetrical fuzzy number with supp A = 
[-10000, 0] (see Figure 2). 
~'a, and ~'a2 are, indeed, integrably bounded fuzzy random variables, 
since ~'a2 is a continuous real-valued function on the interval 0 = [0, 1], 
and ~'a, is the fuzzy sum of a continuous real-valued function on [0, 1] and 
a fuzzy number with compact support [ -500,  0]. 
If a uniform prior distribution 7r on [0,0.01] is considered for the 
parameter 0, then we have that 
E,~(g/~,) = -5000 • (AQ 0.05), 
E~(~2)  = -5250. 
If we want to state a preference relation between actions a 1 and a 2 by 
using the the 0.5-average ranking method, then we have that 
= -5500,  
V°5(E~r(~a2) ) = -5250,  
so that a 2 ~* a 1. 
- t0000 -5000 
Figure 2. Fuzzy number A in Example L1. 
It 
X 
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4. FUNDAMENTALS: AN AXIOMATIC DEVELOPMENT 
OF THE FUZZY UTILITY 
In this section we are going to investigate the fundamentals of fuzzy 
utility. In particular, the aim is to examine the conditions which must be 
imposed on the preference relation 2" defined on .~ to warrant the 
existence of a function on ~'  satisfying the properties in Definition 3.1, 
that is, being a fuzzy utility function. 
To this purpose we will show that sets of "rationality axioms" under 
which there exist bounded real-valued utility functions (see DeGroot [7], 
Berger [2], and references in them) also guarantee the existence of fuzzy 
utility functions. 
Before proceeding to this special axiomatic development of utility, a 
supporting result concerning the ranking method in Definition 2.4 is now 
presented. 
PROPOSITION 4.1 Let (12, sl, P) be a complete probability space, and let 
be an integrab!y bounded fuzzy random variable associated with (12, ~¢, P). 
Then, 
V~(Ep(~))  = Ep(V~(~))  = f v~(J?'(to)) dP( to). 
The preceding result certifies that, under quite general conditions, the 
ranking criterion in Definition 2.4 reduces the choice among actions in 
Definition 3.1 to the Bayesian choice in the decision problem with real- 
valued utility function v = V~ o ~, although the "value" of the decision 
problem will be fuzzy. 
Once the parameter value A ~ [0, 1] has been specified, we have that 
THEOREM 4.2 Consider a decision problem with reward space ~ and set 
of lotteries ~.  If S p is a set of axioms guaranteeing the existence of a 
bounded real-valued utility function on ~,  which is unique up to an 
increasing linear transformation, then S ~ also ensures the existence of a class 
of fuzzy utility functions on a~. 
Proof If we consider ~ = {parts of .9~'}, then (~aL W, P) is a complete 
probability space for any P ~ ~.  If S ~ implies that there exists a bounded 
real-valued utility function u on .9~, which is unique up to an increasing 
linear transformation, then the nonempty class given by 
V~(u) = {~ fuzzy utility function on ~:  
V~(~'(r)) = u(r) for all r ~.9~} 
satisfies the conclusions in this theorem, because of the result in Proposi- 
tion 4.1. • 
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REMARK 4.1 In accordance with Theorem 4.2, the A-average procedure 
associates with each real-valued function u an infinite class of fuzzy utility 
functions. Thus let ~' be any fuzzy utility function such that for all r ~ ~'  
the fuzzy value ~'(r) ~ ~¢(R)satisfies ~( r )  = [u(r) - ~(a), u(r) + e(a)] 
for all ot ~ [0, 1], where 8(a)  is a nonincreasing continuous function on [0, 
1]. Then, since 
G(~'=) = {(r, x) ~o~' × [~: x ~ ~'~(r)} 
= {(r,x) ~5~ × ~: r  ~ u-a[x -  ~(ol),x + e(c~)]} ~ ~ ®~q~R, 
~g belongs to the V°5(u), and consequently the fuzzy utility function is not 
unique up to linear increasing transformations, and the enlargement of the 
scale to "quantify" utilities from R to ~ccc(R) definitely entails a substantial 
enrichment when axiomatic onditions are to be followed. 
In this paper we are not going to carry out a study on the axiomatic 
conditions concerning the crisp preference relation between lotteries, ~* , 
to support uniqueness (up to certain transformations) of the fuzzy utility 
functions, but rather the interest is focused on rationality conditions 
supporting their existence. In fact, the appeal of using fuzzy utility func- 
tions is due to the large variety of possible utility assessments to represent 
the preference relation. 
An alternative way to deal with the problem in this paper is to consider 
a fuzzy preference relation between lotteries, and to construct an ax- 
iomatic approach in which rationality conditions refer to such a fuzzy 
relation. For this purpose, a suitable ranking method of the second type 
described in Section 2 must be adopted. 
Recently, Dubois and Prade [11] have presented an axiomatic treatment 
for the "qualitative quantification" of utilities, as a counterpart to the von 
Neumann-Morgenstern [34] expected-utility theory in the setting of possi- 
bility theory. However, Dubois and Prade assume lotteries are possibility 
(instead of probability) distributions on o~', which means a different 
problem from what is considered in this section. 
5. BAYESIAN ANALYSES OF STATISTICAL DECISION 
PROBLEMS WITH FUZZY UTILITIES 
In Section 3 we applied the concept of fuzzy utility function to single- 
stage decision problems in a Bayesian context, so that the decision maker 
must choose a most preferred action from a given action space and on the 
basis of the available prior information. 
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In this section we are going to apply the concept of fuzzy utility function 
to single-stage decision problems in which the decision maker is assumed 
to have the opportunity of observing the value of a random variable or 
vector X that is related to the state 0. The observation of X supplies 
sample information which may be helpful to the decision maker in making 
a proper decision, since the conditional distribution of X given 0 is 
supposed to be specified for each 0 ~ ®. 
The essential elements of a statistical decision problem with fuzzy utilities 
are the state space 19, the action space ~¢, the fuzzy utility function 
defined on O x ~¢, and a family of conditional probability distributions 
{Po, 0 ~ O} of X whose value is available to the decision maker when he 
makes the decision. If a Bayesian context is adopted, a prior distribution 7r 
is also an essential element of the problem. 
To establish a model for this situation, we can consider a probability 
space (E, ~', Q) and an g" ® ~'x-measurable function (Z, X)  : E ~ O × X 
(X being the sample space of all possible variable values) such that we can 
admit the existence of regular conditional probability distributions of X 
given Z = 0 for each 0 ~ O, and of Z given X = x for each x ~ X, which 
will be denoted by Po and ~x, respectively. Po is referred to as the sample 
distribution, and ~'x as the posterior distribution given x. P will denote the 
(joint) probability distribution induced from Q by the measurable function 
(Z, X), and pX (which is sometimes called the predictive distribution) will 
represent he (marginal) probability distribution induced from Q by the 
measurable function X. 
In a decision problem involving the observation of the value of X, the 
decision maker must choose a decision rule, which is as follows: 
DEFINITION 5.1 A decision rule associated with the statistical decision 
problem above is a mapping 6 :X ~ ~' which is assumed to satisfy the 
following (strong) integrable boundedness condition: if the fuzzy-valued 
function ~'~ : ® X X ~ ~c(~)  is given by ~(0 ,  x) = ~'(0, 6(x)) for all 
0 ~ 0 andx ~ X, then there exists a function h : 0 × X ~ ~ such that for 
each 0 ~ 0 and x ~ X the projection h o ~ L1(Po), the projection hx 
Ll(Trx), the expected values Epo(h o) ~ Ll(Tr), E~ (h x) ~ L1(pX), and 
sup Ivl < h(O, x). 
v~(o ,x )  
The class of all decision rules in the decision problem involving observa- 
tions from X above will be denoted by A x. 
To compare decision rules in A x, the fuzzy utility function must be 
extended to them. This extension can be carried out by applying the 
concept of fuzzy utility function. Thus, let ~:O × X × A x ~a~ be the 
mapping associating with each (0, x, 6) ~ 19 x X x A x the reward that 
will be received if the decision maker chooses 6(x) and 0 is the true state. 
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We can then define ~(O,x)  = ~/(O(O,x, 6)) for all (0, x, 6) ~ 19 x X x 
A X . 
If ~ = 0(19 X X × A x) and for each 6 ~ A x the projection 08 : ® x 
X -~ [with 08(0, x) = 0(0, x, 6) for all (0, x) ~ t9 × X] is an g' ®~q~x- 
measurable function, then we can define the probability distribution in- 
duced by 0~ by means of the relation 
P~(C)=P((O~)-1(C))  for all C~r~.  
Furthermore, Ep~(~') = gp(~¢'~), and for any two decision rules 61 E A x 
and 62 ~ A x such that ~ is an integrably bounded fuzzy random variable 
associated with the probability spaces (~,~ ' ,  P~,) and (~ ' ,~ ,  p~2), 61 is 
considered to be not preferred to 62 (61 ~* 62) if and only if Ep(~¢ '~1) >_ 
gp(~'~2). 
The application we have just developed is equivalent to considering the 
following extension of the fuzzy utility function from 19 x~¢' to 19 x Ax: 
DEFINITION 5.2 The conditional fuzzy utility function in the statistical 
decision problem above is the fuzzy-valued function ~/ : 19 x A x ~ ~c(~) 
such that for each O ~ 19 and 6 ~ Ax, ~(0, 6) = E~(~f)  (with ~ : 
X -~c(R)  given by ~f(x)  = ~(0 ,  x ) fo ra l l x  ~ X). ° 
On the basis of the conditional fuzzy utility function we can now 
formally state the Bayesian analysis in normal form of the statistical 
decision problem, in accordance with which the decision maker's objective 
is to choose a decision ru le in A x "maximizing" (in the A-average sense) 
his fuzzy utility "value," ~(Tr, 6 )= Ep(~ "~) = E~[Epo(~'f)]. A decision 
rule 6 B "maximizing" ~'(Tr, 6) in A x will be referred to as a Bayes decision 
rule, and a "value" of the statistical decision problem in this analysis is 
given by the fuzzy number 
6.)  = ] 
Under quite general conditions, the last iterated expectation can be 
accomplished in either order. More precisely, we can consider the Bayesian 
analysis in extensive form of the statistical decision problem, which is an 
analysis based on backwards induction. In accordance with the extensive- 
form analysis, the decision maker first examines the choice for each x ~ X 
of an optimal action [that is, an action a~ ~ "maximizing" in s¢ the 
posterior fuzzy expected utility E,~ (~'~)], and he later considers the deci- 
sion rule such that 6(x) = a~ for each x ~ X. A "value" of the statistical 
decision problem in this analysis is given by a fuzzy expected terminal utility 
associated with X, which is given by the fuzzy number 
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Of course, operationally we will virtually always use the extensive form, 
unless a restricted set of decision rules has to be employed, because to 
carry out "maximizations" in ~ required in the extensive form is definitely 
much easier than to look for a "maximizing" function in A x as needed in 
the normal form. 
In the case of real-valued utility functions, there are certain technical 
conditions to guarantee the equivalence of normal and extensive forms of 
the Bayesian analysis (see, for instance, Brown and Purves [5]), but this 
equivalence will hold in all situations of practical interest. In statistical 
decision problems with fuzzy-valued utilities, conditions can also be given 
to ensure a similar equivalence. Thus, on the basis of the results in 
Lfpez-Diaz and Gil [25] (see also L6pez-Diaz [24]), we have 
THEOREM 5.1 Let (19, ~,  ~', X,  7r ) be a statistical decision problem in a 
Bayesian context, where (19, ~, ~r ) is a complete probability space. Then the 
decision rule (if one exists) associating with each x ~ X the posterior Bayes 
action a x ~ d is a Bayes decision rule for the problem, and 
6. ILLUSTRATIVE EXAMPLE OF A BAYESIAN ANALYSIS 
OF A STATISTICAL DECISION PROBLEM INVOLVING 
FUZZY UTILITIES 
In this section we present an example in the field of medical diagnosis, 
in which a Bayesian analysis in extensive form of a statistical decision 
problem with fuzzy-valued consequences i  developed. The example has 
been taken from an introductory statistics text (Wonnacott and Wonnacott 
[37]) and modified in relation to the assessment of utilities. 
EXAMPLE 6.1 A neurologist has to classify his most serious patients as 
requiring exploratory brain surgery (action a 1) or not (action a2). From 
past autopsies, it has been found that 60% of the examined people needed 
the operation, while 40% did not. 
The utilities (intended as opposite to losses) of right classifications are 
null. The utilities of wrong classifications are intuitively obvious: an unnec- 
essary operation means resources are wasted and the patient may be hurt; 
yet the other utility may be worse: if a patient requiring surgery does not 
get it on time, the time lost until clear symptoms appear may be crucial. 
Wonnacott and Wonnacott [37] have regarded this situation as a deci- 
sion problem in a Bayesian context, with state space O = {01, 02}, (01 = the 
patient requires urgery, 02 = the patient does not require surgery), action 
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space .~' = {a l, a2} , prior distribution ~r with I1" (01)  = 0.6 and "rr(02) = 0.4, 
and real-valued utility function U(Ol, a 1) = u(O2, a 2) = O, U(Ol, a 2) = 
5u(02, ax), with u(O2, a l )  < 0. 
This utility assessment [in particular, to consider u(O 1, a 2) = 5u(02, al)] 
seems to be excessively precise, especially in view of the nature of the 
elements in this problem. In that regard, this is one of the problems in 
which the utility evaluation is quite imprecise and even nonunique. In fact, 
a utility evaluation like ~g'(01, a 1) = ~Z'(02, a 2) = 0, ~/(01, a 2) = QUITE 
DANGEROUS, ~ ' (02 ,  a 1) = RATHER INCONVENIENT could be more  appropri- 
ate to describe neurologist preferences. The values assigned to the conse- 
quences of the decision problem cannot easily be represented on a 
numerical scale, but they could be simply expressed in terms of fuzzy 
numbers like 
i -  12(x+ 1) 2 if x~[ -1 , -0 .75] ,  
~'(O l ,a2) ( t )  = Ox 2 + 24x + 7 if x ~ [-0.75,  -0.7],  
otherwise, 
(5x2+8x+3 if x~ [ -0 .6 , -0 .5 ] ,  
~g'(O2,al)(X) = /10 3x 2 if x ~ [--0.5,0], 
otherwise 
(see Figure 3). 
In accordance with the procedures in Section 5, the fuzzy expected 
utilities associated with actions a I and a2 are given by 
E~(~C'al ) = 0.4Q)~1(02,  a l )  , E~(~C'az) = 0 .6Q)~/ (01 ,a2  ). 
Doubtless, the situation in this problem is one of those requiring a 
categorical choice between a 1 (which will be equivalent o deciding in 
favor of the performance of the operation on the patient) and a 2 (equiv- 
alent to deciding against it), that is, an imprecise decision is not adequate 
because of the implications of this decision. 
If we now compare the fuzzy expected utilities of a I and a 2 through the 
0.5-average ranking method, then we have that 
V°'5(E,~(~'al)) = 0.4V°5(~'(02, a 1)) = - 0.07733, 
Vc°'5(E,~(~'a2)) = 0.6V°'5(~'(01, a2)) = -0.5420, 
whence a I ~*  a 2. 
In practice, the neurologist will not base his decision only on the prior 
information, but will revise it in view of special information concerning the 
patient o be classified. In particular, assume that the neurologist can base 
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Figure 3. Fuzzy ut i l i t ies  ~d'(01, a 2) = QUITE DANGEROUS and ~/ (02 ,  a 1) = RATHER 
INCONVENIENT. 
his decision on a score X which is obtained from a combination of several 
clinical tests. Past experiences have shown that X is normally distributed 
with mean 120 and variance 64 for those who require surgery, and mean 
100 and variance 64 for those who do not. 
If we carry out a Bayesian analysis is extensive form of the statistical 
decision problem (O, ~,  ~, X, 7r), then 
ETrx(~(al) = (1 - [1 + ~ exp(34.375 - 0.3125x)] -1 } Q~(0e ,a l ) ,  
E~x(~a2) = [1 + ~exp(34.375 - 0.3125x)]-l(S)ff(0], a2), 
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whence 
-1  vo.5(E~x(~,aa )) = _ ~-~58 {1 - [1 + 32 exp(34.375 - 0.3125x)] }, 
V2"5(E,a.(~'a2)) = -~[1271 + 32 exp(34.375 - 0.3125x)] -1 
and hence 
a x=a I if and only if x> 103.7691, 
a x=a 2 if and only if x< 103.7691. 
Consequently, the "value" of the statistical decision problem (®,~, 
~', X, 7r) in the extensive-form analysis can be fuzzily quantified by means 
of a fuzzy expected terminal utility given by 
={o6[, • t 103"7698-120)] 
+0.411-~(  103.7691 100 
8 - )]} Q)~/'(02'al) 
~(1 -  {0 .6 [1 -~(103"769~-120) ]  
[ (103"7691-100)]})O~'(02 al) 
+0.4 1 --qb 8 
= 0.7149 Q~(02, al) • 0.2851 Q~(01, a z) 
(see Figure 4). 
7. CONCLUDING REMARKS 
Several open problems can be considered in connection with the study 
in this paper. Among them we can point out the statement of a criterion to 
compare different possible variables related to the decision problem and 
the analysis of decision problems with fuzzy sample information. 
It should be also interesting to examine the use of alternative ranking 
methods, especially those based on fuzzy preference relations. 
Finally, studies on the robustness of Bayesian analyses in case of using 
fuzzy utilities are really challenging. 
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Figure 4. Fuzzy expected terminal utility of the decision problem in Example 6.1. 
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